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OUTER CONJUGACY I 



Abstract. To study outer actions a of a group G on a factor M of type M;^, 
< A < 1, we study first the coiiomology group of a group witli the unitary 
group of an abelian von Neumann algebra as a coefficient group and establish 
a technique to reduce the coefficient group to the torus T by the Shapiro 
mechanism based on the groupoid approach. We then show a functorial 
construction of outer actions of a countable discrete amenable group on an 
AFD factor of type Wx, sharpening the result in [KtT2: §4]. The periodicity 
of the flow of weights on a factor M of type Wx allows us to introduce an 
equivariant commutative square directly related to the discrete core. But 
this makes it necessary to introduce an enlarged group Aut(M)m relative to 
the modulus homomorphism m = mod: Aut(M) M/T'Z. We then discuss 
the reduced modified HJR-exact sequence, which allows us to describe the 
invariant of outer action a in a simpler form than the one for a general 
AFD factor: for example, the cohomology group H^* (G, N, T) of modular 
obstructions is a compact abelian group. Making use of these reductions, we 
prove the classification result of outer actions of G on an AFD factor M of 
type BIa- 
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§0. Introduction 

In this article, we continue our investigation of outer conjugacy classifica- 
tion of outer actions, say a, of a countable discrete group G on a factor M of 
type 11I>, < A < 1. Since the characteristic square of the factor M takes a 
simpler form, the outer conjugacy invariants for an outer action o: of G takes 
a simpler form than the general case which was completed in the last work, 
[KtT2] . But this does not mean that our task was completed in the last work. 
Wc have to reduce the general theory to the seemingly easy case of which 
requires more work. Once the work is completed, we see that the final form 
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in this particular case is simpler. A major hurdle for this is the fact that the 
association of a discrete core Md, a factor of type Iqoj to a factor M of type 
Ha is not a functor. Accordingly, the group Aut(M) does not act canoni- 
cally on M^. The obstruction to this is the presence of the modulus mod(Q;) 
of a G Aut(M). Instead, an enlarged group Aut(M)ni, which is a central 
extension of Aut(M) by the integer group Z, acts on Md- The Shapiro ma- 
chinery helps to relate the characteristic square to the reduced characteristic 
square consisting of all Borel groups with compact abelian groups, in fact, 
the circle group, on the crucial corner. To capture the Shapiro machine, we 
need to work with groupoid cohomology to get a clear and natural picture, 
which is done in the first section. An interesting feature of the case of type 
Ha, < A < 1, is that the canonical two cocycle associated with the exact 
sequence: 

^ Z ) R ^ M/T'Z ^ 0, T' = -logA, 

which comes from the Gauss symbol [x],x G M, the integer n such that 
n < X < n+1, enters naturally to the theory. We will use the notation {s}^,, 
for the cross-section: 

s^s + T'Ze R/TZ' ^ = s - T' ^ G [0, T'), s G M. 

The case of type Hi is even easier as its general theory is already reduced. 

Toward the completion of this article, the authors have received support 
from the Erwin Schrodinger Institute and the Department of Mathematics, 
University of Rome, La Sapienza, where they visited to work together. The 
authors would like to express here their gratitude to these institutions and 
Professors K. Schmidt and S. Doplicher for their invitation and the hospital- 
ity extended to them, which made this collaboration possible and enjoyable. 

To keep the size of this article down, we postpone the discussion of exam- 
ples to the subsequent paper, [KtT3] , in which the third cohomology groups 
of easy cases are computed and the invariants of outer actions of such groups 
are identified from their raw data. 

§1. Groupoid Cohomology 

Shapiro's Mechanism and Dimension Shifting: Let ^ be a groupoid 
with X = ^(0) ^Yie space of units. We note that whenever we consider a 
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Borel groupoid, locally compact groupoid or measured groupoid, we mean 
by a map always a Borel map or a measurable map. For a measured groupoid, 
we ignore the difference on a null set. By a ^-module A, we mean a field of 
groups X E X A{x) & Grp such that 

i) Each g E Q gives rise to an isomorphism Ug G Iso(A(s(5r)), A{Y{g)); 

ii) The family of isomorphisms {ag g E Q} satisfies the chain rule: 

iii) lix = g e g^^\ then = id G Aut(A(x)). 

When each A{x)^x e X, is commutative, then A is called commutative or 
abelian. We assume that A is commutative. An n-cochain, n = 0, 1, 2, • • • , 
means a function 

e : (^1, • • • ,^n) e g^^^ ^ ^91, ■■■,gn)e A{v{gi)). 

The set C^{g, A) of n-cochains forms a group relative to the pointwise prod- 
uct. The coboundary map dn : C^(^,^) i-^ C^+^(^,^) is defined by 

n-1 

X IIC(5'o,5'i,--- ,9k-2,9k-l9k,9k+l,9k+2,- ■ ■ ,^n)^"^^ 
fe=0 

X ^{go, gi, . . . , gn-i)^~^^^~' e A(r(^o)). 

As usual, we have 

dn^dn-i : zi-\g,A) ^ {1} c z:,+\g,A). 

We often suppress the suffix n oi dn- Each element of the kernel Ker(5„), 
denoted by Z^(^,^), is called an n-cocycle and each element of the image 
Im(9n-i), denoted by B^(^,^), is called an n-coboundary. The quotient 
group Z^(^, A)/B'^{g, A) is called the n-th cohomology group of A and writ- 
ten ii'^{g,A) (See [BN],[W1] and [W2] for the related topics). 
For n = 0, we set 

K{G,A) = zl{g,A) 

= {^:xeX^ ^{x) e A{x) such that C{i{g)) = ag{^{s{g)), g e g}. 
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For n = 1, Zl^{Q,A) consists of all maps ^ : g ^ Q ^ ^{g) G A{r{g)) such 
that 

agh) = ag)aMh)), {g,h)eg^'\ 
and bI^{Q,A) consists of all those ^ e Zl^(Q,A) such that 

^{g) = «a(^(s(^))?7(r(^))"\ ^ e 

for some ry : x e X i— > 77(0;) G Each ^ G Z\{Q,A) gives rise to the 

perturbation of the action cu on ^ given in the following fashion: 

^ag{u) = ^ig)agiu)^ig)-^ G A{v{g)), u G A{s{g)), geQ. 

If ^ G BI^[Q,A), then the perturbed action ^o: is conjugate to the original 
action a under the group Int(.4) of "inner" automorphisms of A. 

For n = 2, each element ^ G 7a\,{Q,A) is an ^-valued function on ^(^^ 
such that 

i{g, h)i{gh, k) = aMh. mio. hk) G A{T{g)), {g, h, k) G g^^\ 

The cocycle ^ is a coboundary if and only if there exists a map rj : g & Q ^ 
r]{g) G A{T[g)) such that 

ag.h) = aMh))r}{gh)-^rj{g), {g,h) G g^^\ 

Each cocycle ^ G Z^(^,^) gives rise to the twisted semi-direct product 
groupoid: 

'H = A Xa,^ Q = {{u,g) eAxg-.ue A{r{g)), g e G} 

such that 

7^(2) = {{u,g;v,h) enxn:{g,h)e G^^^}; 
T{u,g) = T{g), s{u, g) = s(g); 

(•u, g){v, h) = {uag{v)i{g, h),gh), (w, g; v, h) G n^'^\ 

The original ^-module A is then viewed as a normal subgroupoid of Ti and 
the original groupoid Q is then identified with the quotient groupoid: Q = 
H/A. The action a of ^ on ^ is then nothing but the conjugation: 

o^gi^) = i^yi9){u,x){ly,g)~^ G A{y), g = {y,g,x) G G, 
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where T{g) = y, s{g) = x and ly is the identity of A{y). If ^ = d{r]), then 
the map: 

sr^:geg^ {v{g)~\g) e n 

is an injective homomorphism of the groupoid Q into Ti. which decomposes 
H into a semi-direct product: 

For ?i = 0, 1, 2, the ^-module A does not have to be commutative to define 
}i^{Q,A) as long as one is ready to give up the group structure on the 
cohomology space H^(^,^),n = 0,1,2. For n = 2, the cocycle identity, 
however, should be replaced by: 

c^gm, mig, hk){ag, h)i{gK k)}-^ = 1, {g. h, k) e ^(3), 

and the equivalence ^ = ^' of two cocycles ^ and ^' is defined by the existence 
of ry: 5f e ^ 1-^ r]{g) e A(i[g)) such that 

h) = v{g)ag{v{hm{g, h)rj{gh)-\ {g, h) e g^''\ 

If the groupoid ^ is a topological groupoid and A admits a topological 
structure such that all the operations are continuous, then we request that 
cocycles are all Borel. To demand the continuity on cocycles is too restrictive 
as seen in the group case. If ^ is a measured groupoid, then all the identities 
mean to hold almost everywhere relative to the relevant measure class. 

Proposition 1.1. Let A he a Q-module. For each y E X — g^^\ let B{x) 
be the set of all A{x) -valued functions on Qx = s~^(a;) and set 

• 

B= [J B{x) ^ {b-.g A such that b{g) e A{x), g = {y, g, x) e G}. 

xex 

For each g = {y, g, x) e G, define the map (5g: B{x) i— > in the following 

fashion: 

{Pgb){h) = ag{b{hg)) e A{y), b e B{x), {h,g) e g^''\ 
Then for each n = 2, 3, • • • , 

H^(^,S) = {1}- 
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More explicitly, if ^ G Z'^{Q,B), then r] G ^{Q,B) defined by 

V{9;9i,92,- ■ ■ ,9n-i) 

= a-\^{v{gy,g,gi,--- ,gn-i)) e A{s{g)), {g,gir-- ,9n-i) e S^""^ ■ 

gives 

Proof. The cocycle identity: 

n 

1 ^ PgoiCigi,--- ,9n))YlC{9o, 91,92, - ■ ■ ,9i-2,9i-i9i,9i+i, - ■ ■ , 9nY~^^' 

i=l 

xa9o,---,9n-i)^-'^\ i9o,9i,---,9n)eg^^+'^ 

gives 

n 

^{91,- ■■ ,9n) = Pgo^ (^YlC{9o, 91, 92, ■ ■ ■ , gi-2, 9i-i9i, 9i+i, ■ ■ ■ 9n)^~^^' 

which means that for each {g,g\, ■ ■ ■ ,gn) G ^^"'^^^ with g = 
^{9;9i,--- ,9n) 

n 

= oigo[YlC{99o^', 90,91,92, ■ ■ ■ ,gi-2,9i-i9i,9i+i, ■ ■ ■9n)^~^^ 
1=1 

xC{99o^',9o,--- ,i/n-l)^"^^") 

n 

= ( n ^' 92,-- - , 9i-2, 9i-i9i, 9i+i, ■ ■ ■ 9nY~^^' 

i=l 

x^{r{9y,9,9i,--- ,9n-i)^~^^^y 

Setting 

V{9; 9i,-- - , 9n-i) = ttg ^ {C{^i9);9, 9i,-- - , 9n-i)^ e A{s{g)); 
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we compute for {g,gi,--- , Qn) ^ Q^'^'^^^ with y — i{g) 
{dv){9; 91, ■ ■ ■ ,9n) = ag^{v{99i;92,--- ,5'n)) 

n-l 

X Ylv{9;9i,--- ,9i-i,9i9i+i,9i+2, - ■ ■ ,9n)''~^^ 

i=l 

X v{9;9i,g2,--- ,9n-iY~^^" 

= «3i (oigg^{^{y;99l,92,--- ,9n))^ 

n-l 

^ n ^g^{^(y'^9,9i,--- ,9i-i,9i9i+i,9i+2,--- ,9n))^~^^' 

i=l 

X (^g^{^{y]9,9l,92,--- ,9n-l)Y~^^" 

= ^{9^91, ■ ■ ■ ,9n)- 

This completes the proof. 

Each A{x) is a submodule of B{x) for each x e X, hence we get an exact 
sequence: 

> A{x) B{x) — ^ C{x) > {1}, (a; e X), 

J X 

and another ^-module C: 

C= [jC{x), ^g{hA{x))''^ (3g{h)A{y),he B{x),g = {y,g,x) eg. 

Symbohcally we can write the exact sequence of ^-modules: 

X ^ A — ^ B — ^ C > X. 

Take^ e With 

i'i'*0(9; 91, ■ ■ ■ ,9n) = ^igi,--- ,gn) e A{r{gi)), {g,gi,--- ,gn) e 

we obtain a cocycle i*^ G Z^((y, ;B) = B^{Q,B) by Proposition 1.1. Thus 
there exists a cochain rj E C^~^(^, B) such that 
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Then set 

C{x;gi,--- ,gn-i) = jx{v{x] 9i, ■ ■ ■ , 9n-i)) 

= vix; flTi, • • • , gn-i)A{x) e C{x). 

Since dj — jd, we get C ^ Z"~^(^,C) and naturally 

under the map: [C] e H;j(e?,^) ^ [C] e H^"^(e?,C). Summarizing the above 
discussion, we obtain: 

Proposition 1.2 (Dimension Shifting). If {A., a] is a Q-module, then 
there exists a natural Q-module {C, 7} and a natural isomorphism: 



Fullback, Reduction and Induction. Let be a groupoid with Y — 
H^^^ . Suppose that / is a surjective map from a space X onto Y (if applicable, 
we assume that the map / is Borel). Then we have a fibration of X: 



X=[j X{y), X{y) = f-\y),yeY. 
y€Y 

Then we set 

g= U {x{z) X ny x x{y)}, 

iy,z)eYxY 

where Hy = r~'^{z) n s~^(y), (2;, y) e y^. We 
then define the range and the source maps and 
the product in Q as follows: 



r{z, h, x) = z, s{z, /i, x) = x; 

(z, g, y) (y, h, x) = {z, gk, x) , {g, h) E H^'^^ , 

z e X{r{g)), y e X{s{g)) = X{r{h)), x G X{s{h)). 
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Definition 1.3. The groupoid Q is called the pullback of H by the map 
/ and denoted by f*{n). 
The map: 

/* : {z,h,x) eg ^ f^{z,h,x) = {f{z),hj{x)) G H 

is a groupoid homomorphism of Q onto Ti. 

If fi,i = 1, 2, are maps from Xi onto Y, then we have the fiber product 
X = Xi * X2 relative to /i and 

X = {{xi,X2) e Xi X X2 : fi{xi) = f2{x2)}, 

and the map f : x = {xi,X2) £ X 1— f{x) — fi{xi) — f2{x2) G Y which 
makes the following diagram commutative: 



X 



Pri 



pr2 



/i 



/ = /i°pri = /2°pr2. 



X2 



h 



Y 



The pullbacks G = f*{n), Gi = fi{n), G2 = fH'H) and H form the com- 
mutative diagram: 



Gi 



/* = /i*°pri* = /2*°pr2, 



G2 



h 



n 



Let y C X be a subset such that the saturation [Y] = X, i.e., 

[Y] = sor-i(F) = X, 

equivalently for every x e X there exists g = {y, g,x) e G such that y & Y. 
If applicable, we assume that the set y is a Borel subset of X. 

Definition 1.4. In the above setting, let Gy be the set of aU those g e G 
such that r{g) G Y and s{g) G Y, i.e., 

GY = r-\Y)ns-\Y). 
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Proposition 1.5. If Y is a subset of X such that X = [Y], then there 
exists a surjective map f : X ^Y such that Q is naturally isomorphic to the 
pullhack groupoid f*{GY)- 

Proof. Consider the map 

s: ^ e r~^iY) ^ x = s{g) e X 
and its cross-section (if applicable, we take a Borel cross-section 7) 

^ : X e X ^ ^(x) e r~^(y), 
such that 7(2/) = y a y eY. Set 

f{x) = r(7(x)) eY, x e X. 
We claim Q ^ For each {z,g,x) e f*{QY), set 

7r(2;, g, x) = 7(z)"^c/7(a;) e Q 
which makes sense because 

s(7(^)-') = r(7(^)) = f{z) = T{g) e Y- 
r(7(a^)) = f{x) = s{g). 

For each {{z, g,y),{y,h,x)) e f*{gY)^'^\ we get 

7r((2;, g, y){y, h, x)) = n{z, gh, x) = 'y{z)~^gh'y{x) 
= l{z)~^9l{y)l{y)~^h'-i{x) 
= T^{z,g,y)TT{y,h,x). 

Hence the map tt is multiplicative. The inverse 7r~^ is given by: 

Tr-'^(z,g,x) = {z,^{z)g^(x)-'^,x), {z,g,x) E Q. 

This proves the assertion. 
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Similarly, if B is an 7i-module, (not necessarily commutative), then the 
surjective map f : X t-^ Y also gives rise to the puUback /* (7i)-module 
A = f* (B) in the following way: 

A{x) A{z) 

I II {z,g,x)eg = r{n), 

B{f{x)) B{f{z)) 

where /? is the action ofH on B. 

Definition 1.6. i) li H = Gy^Y c X, and the map / is given by 
Proposition 1.5, then the above ^-module f*{B) is called the induced Q- 
module and written A = IndyB or ^ = Indy^xB. 

ii) If ^ is a ^-module, then 

AY=[j A{y) 
y€Y 

is naturally ^y-module, which will be called the reduced module over Qy or 
the reduced ^i^-module. 

Proposition 1.7. If X = [Y], then every Q-module A, not necessarily com- 
mutative, is obtained from the reduced Qy -module Ay as the induced module. 

The proof is exactly the same as Proposition 1.5, and we leave details to 
the interested reader. 

Proposition 1.8. IfYcX and X = [Y], then the embedding map 

iy: Qy ^ Q 

gives rise to the pullback map, i.e., the restriction map, with the following 
properties: 

: e e KiQ^^) ^Cy- e|y e Z^iGy^Ay); 
/:oi^(0 = e modB2(^,^), UZliG^A); 
^y°/:(0 = e mod B^^iGy, Ay), ^eZl{Gy,Ayy, 
i*y.lll{G,A) = K{OY,Ay), 

where f is the map of Proposition 1.5 and the map /* : G ' — > Gy is given 
by f*{9) = -f{z)g-f{x)-^, g = {z,g,x) e G- 
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Proof. In view of the last two propositions, we may and do assume that 
the groupoid Q and the ^-module A are both obtained as ^ = f*{QY) and 
A — In this setting, we get A{x) = A{f{x)) and a^(x) = id^(a;)) the 

identity map on A(x), for every x & X. 

For n — 0, each ^ e Z° (^, A) is a map ^ : x e X i— > ^(x) e 74(a;) such that 

The restriction satisfies the same identities for Qy and ^{x) = ^vifix)), 
xeX. Hence Cy e Z°(^y,^y). 

If ?7 e Z^{Qy,Ay), then ^ = satisfies for each g — (z, f^{g),x) e Q, 
we have 

g = ^{z)-^f^{g)-f{x), 

and 

e(^) = r7(r(/,(<7))) = «/4.)(^(/(^))) 

Hence we get ^ = /^r; e Z° (6?, 

Since ^(x) = Cifix)):^ G for every ^ G Z°(^,^), we conclude that 
B.l{g,A) = H°(^y,^Y) under the isomorphism i^. 

The case n = 1: Each ^ e ^) satisfies 

The restriction satisfies the same identity, so that it is a cocycle in 
7,l^{gY,Ay). Now choose ^y e T}jyQy,Ay) and set 

i{.z,g,x) = {,iliY){z,g,x) = ^Y{l{z)g-i{x)~^). 

For each pair g = (z, g, y), h = (y, h, x) e Q, we have 

a9h) = ^Y{M9h))=^y{M9)Mh)) 

= ^Y{M9mMg){^Y{Mh)) = a9)aMh))- 

Hence f:{^y)e Zl{g, A). 
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Suppose = iyiO- We then compare ^ and f*CY- For g — {z,g,x), we 
write f^{g) = {f{z), f^{g), f{x)) = ^{z)g^{x)-'^ e Sy and compute: 

imia) = e(7(^)^77(^)-') = Ch{zm{9l{xr') (as = id) 

= e(7(^))e(^)«.«,)(e(7(^))-^)) 

= C(7(^))e(^)«.(?(7(^))-')- 
Hence the above calculation becomes: 

Therefore we get ^ = f*^ mod B^(^, ^). 

For n = 2, 3, • • • , we use the dimension shifting, Proposition 1.2. From the 
construction of {C,7} from a}, it follows that the reduced ^y-modules 
Cy and Ay are related in the exactly same way as the original modules A 
and C are. Hence we have by mathematical induction: 

R^g, A) = c) ^ R:;-\gY,CY) = Ki^r, Ay). 

Tracing the isomorphims, we conclude that the isomorphism is indeed given 
by /; and i^. 

Remark 1.9. In the case that F is a singleton set {yo}, the reduced 
groupoid Qy is a group, say H. The associated principal groupoid the 
equivalence relation groupoid given by the orbit structure of Q, is transitive. 
This is precisely the conventional induction procedure and also the Shapiro 
mechanism. This case is also relevant to us in the case of a system based on 
a factor of type Mx as will be seen in the later sections. 

Definition 1.10. A normal suhgroupoid N of ^ is a field 

{N{x) C r"^(a;) ns"^(a;) : x e X] 

of groups such that 



N{y)=gN{x)g-\ {y,g,x)eg. 
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For a commutative ^-module A with trivial action of J\f, we can define 
the group Za{G,M,A) of characteristic cocycles (A,//) as in [STl] and the 
group Aa{G,J^,A) of characteristic invariants. Each (A,/i) e Za{GyJ^,A) 
gives rise to an exact sequence of ^-modules equipped with cross-section s: 

a X > A — ^ £ = A >4a,^J^ — ^ > X 

s 

where 

S : (m, x) G N{x) s{m, x) = {l^, m) E £{x) = A{x) xi^,^^^ N(x); 

5(m, x)s{n, x) = ii{m, n; a;)s(mr2,, x) = /Ux(m, n)s{mnj x); 
az,g,x{^i9~^'rng, x)) = A(m; z, g, x)s{m, z), {z, g, x) e Q, (m, x) e N{x). 
Conversely, if we have an exact sequence of ^-modules: 

£: X > A — ^ £ -^-^ Af > X, 

then a cross-section s (if applicable, we take a Borel cross-section) of the map 
j gives rise to ^-valued functions X on J\f Q = {{m, g) & J\f x Q : s(m) = 
r(gf)} and on Af^'^^ such that 

s{m, x)s{n, x) — iJ.{m, n; x)s{mn, x), (m, x), (n, x) G N{x); 

az,g,x{s{g~^mg,x)) = X{m; z, g,x)s{m, z), {{m,x), {z,g,x)) e J\fx x g^, 

and the pair (A,//) falls in the group Zo,{G,Af,A). We denote the collection 
of the conjugate classes of exact sequences by Xext(^, A/", ^) and each ex- 
act sequence a crossed extension of A by M. The group multiplication in 
Za(^7 A/", v4.) reflects to the following operations in Xext(^, A/", .4): 

i) For any two crossed extensions £i,£2 G Xext(^, jV, ^): 

£i. X > A — ^ £i N > X; 

£i X > A £2 — ^ M ^ X 

the product crossed extension £ is defined to be the quotient module 
of the fiber product: 

£ — £1 * £2 

= {(61,62) e£ix £2: ii(ei) = j2(e2)}/{(n(o),i2(a"^)) : a G 

ii) The inverse £~^ is then given by: 

£': X . A {'-^^-^(""^)>, E , U > X 
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Proposition 1.11. If Y C X is a subset of X such that X = [Y] = 
s{t~^{Y)), then with the map f o/ Proposition 1.5 the maps f* and iy give 
isomorphisms between Aq.(^, jV, ^) and AaiGv , J^y , Ay) which are the in- 
verse of one another. 

Proof. First, we may and do assume that A = IndyB and Q = f*{'H) with 
B = Ay and Ti = Qy- Also the normal subgroupoid A/" is a ^-module and 
therefore it is conjugate to the induced ^-module Inty with M. — My 
as a ^-module. However, it is not entirely trivial to relate the structure of 
the inclusions: M. C Qy and M d Q. Wc have to study the way that the 
entire groupoid Q is related to the reduced one Qy. As Q = f*{Gy), we have 

g: = {x} X X {x} = 7(x)-^^;[:j7(^); 

N{x) = -f{x)-'^N{f{x))^{x) = {x} X M{f{x)) X {x}. 

Hence we have M = f*{M). 

Now every S G XextctiG^Af, A) conjugate to a crossed extension of the 
form f*{T) with T G Xexto,('^^, A^, i3) and T is given as T = 8y. It is 
straightforward now to see that f*{Ti) = f*{J^2) if and only if JF^ ~ Ti- 
Hence the /* and iy are isomorphisms between Aq,(^, jV, A^ and A(^{Qy.,My^ 
Ay) which are inverse of one another. 

Non-Polish Groupoid: In many cases, we encounter the following situa- 
tion: 

i) An ergodic flow {A, M, 6} is given on an abelian separable von Neu- 
mann algebra A. Let {X, m} be the measure theoretic spectrum of 
A., i.e., {X, m} is a standard measure space such that A — L°°{X, m); 

ii) A Polish group H acts on the flow {yi, IR, ^} via a, i.e., a is a ho- 
momorphism of H into the group Aut0{A) = {a E Aut(yi) : a°9s = 
9s°(T^ s G M}, which gives rise to a joint action of = x M on yi. 
We denote it by a also and by 6 if we restrict a to the action of M. 
We also use the notations: 

= /(T-», / G yi = L-(X,m), {g,s) G H. 

iii) A normal subgroup L of H contained in the kernel L C Ker(Q;) is 
given, so that the action of H factors through the quotient group 
Q = H/L; 
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iv) The normal subgroup L is not closed, so that the quotient group Q 
does not have a reasonable topological or Borel structure despite its 
significance in the theory. 

The action a oi H on A gives rise to the action of Q = Q x M which will 
be denoted by a again. Now the groupoid Qq = X y\ Q is the groupoid 
which is relevant to us despite the lack of a reasonable Borel structure on it. 
In what follows, we consider the discrete topology on Q side and the usual 
topological and Borel structures on R-side. Namely we are going to consider 
those functions / on Qq such that the map: {x, s) i— > /(x, s) is jointly Borel 
as a function on X xR for each fixed q & Q. Namely, we consider the product 
Borel structure of those on X and M and the discrete Borel structure on Q. 
A typical example will be the automorphism group Aut(M) of a separable 
factor JA OS H and Cntr(M) as L and the flow {C, M, 9} of weights on M as 

§2. Model Construction II 

Let {C, R, 9} be an ergodic flow to be fixed throughout this section. Let 
be a countable discrete group and a an action of H on the flow {C, R, 0}, 
i.e., a homomorphism of H into the group Aut6i(C) of all automorphisms of 
C commuting with the flow 9. Let {X, m} be the measure spectrum of C, 
i.e., a standard cr-flnite measure space on which R acts as a one-parameter 
group of non-singular transformations {Tg : s e R}, so that 

9J{x) = f{T;^x), fee = L°°{X,m),xeX,seR. 

We denote the action a of H on the space X in the following fashion: 

agf{x) = f{xg), geHJee. 

When we consider the joint action of i? = x R on X, denoted simply by 
a also, we write 

{agf){x) = f{x~g) = f{T-\g), ~g = {g,s) e H = H xR. 

Let L be a normal subgroup of H contained in the Kernel Ker(Q!) of a, i.e., 
L does not act on C at all. 
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This section will be devoted to a construction of an action a of ii" on 
a separable strongly stable factor M for any characteristic invariant x ^ 
Aa{H, L, U(e)) such that 

i) The flow of weights on M is conjugate to the flow {C, R, which 
will be identified; 

ii) The modulus mod(Q:) is precisely the preassigned action a on C of 
H; 

iii) 

L = a-^(Cntr(M)); 

iv) 

X = x(«)- 

Here the strong stability of M means that M = M®^Ro with OIq an approx- 
imately flnite dimensional factor of type Ii. This is equivalent to the non 
commutativity of the quotient group Int(M)/Int(M) of the group Int(M) of 
approximately inner automorphisms by the group Int(M) of inner automor- 
phisms. 

The joint action H on X gives rise to a standard measured groupoid 
n = X X H such that 

'^{y:9) = y Ky^9) = y9, y e x,g = {g,s) e h = h xR; 
{yi9){y9,h) ^ {y,9h), h = {h,t)eH. 

In order to shorten notations we write 

9 & G and A e ^ for (y, g) ^ Q and (x, h) ^ Q 

respectively omitting the range y = r{g)^x = riji) e X. At the same time, 
to specify the range and the source explicitly, we often write 

{.y,9,x) eg for y = T{y,g,x) and x = s{y,g,x), i.e., x = yg. 

For each x e X, let K{x) be the isotropy group of x, i.e., 

K{x) = {g e H : X = xg}. 

The map: x E X K{x) G Sub(if) is a Borel map from the standard Borcl 
space X into the standard Borel space Sub(i/) of all closed subgroups of H 
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such that K{x) = K{Tsx), s e M, x e X, since the flow and the joint action 
a of H commute. The ergodicity of 9 then imphes that K{x) = K e Sub(iJ) 
for some fixed closed subgroup K of H. Then of course, K is the Kernel 
Ker(Q!) of the joint action a of H, hence it is a normal closed subgroup of H 
which contains the normal subgroup L. Let M — X x L denote the normal 
subgroupoid of Q. 

Proposition 2.1. Let A he the unitary group 'U(C) of C. Then there is 
a natural isomorphism: {X, IJ,) G Za{H, L, A) i— >• (A, /i) e Z(7i,A/', T) from 
the group Z^i^H , A) of characteristic cocycles onto the group Z{Q,J\f,T) 
of characteristic cocycles which maps precisely the group Boi{H , L, A) of 
coboundaries onto the subgroup B(^,j\/', T) of coboundaries, so that it in- 
duces a natural isomorphism: 

xeK{H,L,A)^x^KQM,T). 

Proof. To each (A, //) e Z^^H, L, A), we want to associate a cocycle (A, fi) G 
Z(^, jV, T). First, we realize (A(m, ^), /x(m, n)) for m,n & L and g = {g, s) e 
H as T-valued Borel functions over X so that the cocycle identities hold 
almost everywhere and write them: 

X{x;m;g) and iJ,{x;m,n), x E X, m,nEL, and g = {g, s) E H. 

Then set 

fl{{x, m); (x, n)) = n{x; m, n), ((x, m); (x, n)) G jV^^^; 

A((x,m); (x,^)) = A(a;;m;^), ((a;,m); (a;,^)) G ^^^^ 

Let us check the cocycle identity: 

i) The 2-cocycle identity for /x guarantees the 2-cocycle identity for ft 
almost everywhere; 

ii) If m = {z,m,z) G H and {g = {z,g,y),h = (y,h,x)) G ^'^^^ then 
y = zg, X = yh and 

A(m; gh) = X{{z, m, 2;); {z, gh, x)) = X{z; m; gh) 
= X{z; m; g)X{zg; g~^mg; h) 

= X{{z, m, z); {z, g, zg))X{{zg, g~'^mg, zg); {zg, h, x)) 
= X{{z,m, z); {z,g,y))X{{y,g~'^mg,y); {y,h,x)) 
= X{m;g)X{g~^mg; h). 
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iii) For m = {x,m,x),n = {x, n, x) e J\f, we have 

A(m, n) = X{x; m, n) = iJ,{x; n, n~^mn)ii*{x\ m, n) 
= p,{n, n~^mn)p,{m, n). 

iv) For each m = {y, m, y) e jV, g = {y,g,x) & Q, we have 



A(m; g)X{n; g)X{mn; g) = A(y; m; ^)A(y; n, ^)A(y; mn; g) 

= /^(y^; g~^rig)iJ,{y; m, n) 

= p,{g~'^mg; g~^ng)p,{m, n). 

Therefore the pair (A, fl) is a characteristic cocycle for {Q, Af} with values 
in T. The map: (A,//) e Za(fl",L,yl) ^ (A, /i) e Z{g,J\f,T) is an injective 
homomorphism. 

Conversely, it is clear that if (A,/i) G Z(^,A/', T) is given, then the pair 
(A, fi) defined by: 

X{x;m;g) = X((x,m,x);{x,g,xg)) ^ ~ ?^ 

tor xGX,gGH,m,nGL, 

fji{x\ m, n) = p,{{x, m, x); {x, n, x)) 

is an element of Za{H, L, A). 

Finally, each cochain c : m e L i— > c(m) e A gives rise to a T-valued 
cochain: 

c{x, m, x) = c{x; m) e T 

The correspondences c i— > c and (A, /i) i-^ (A, /i) intertwines the respective 
coboundary operations. Accordingly, Ba{H, L, A) corresponds exactly to 
B{g,J\f,T). This completes the proof. 

Lemma 2.2. There exists a model construction: 

(A, fi) e Z«(^, L, A) ^ {Mo(A, fi),H, 

such that 

i) Mo(A,//) is a separable von Neumann algebra of type Ii; 
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ii) The restriction of the action of H to the center o/Mo(A,/x) is 
conjugate to the covariant system {C, H, a}; 

iii) L=(/?^'^)-i(Int(M(A,//))); 

iv) There exists a map uq : m & L ^ uo{m) e U(M) such that 

uo{m)uQ{n) = fx{mjn)uQ{mn), m,n&L; 
/3g{uo{g~^mg)) = X{m; g)uo{m) , g = {g, s) e H ^ H x R. 

If the original group H is amenable, then the construction yields that the 
factor JAo{X, fi) is necessarily AFT). 

Proof. First, we have the corresponding characteristic cocycle (A, p) e Zq,(^, 
T). Let 3^0 be an AFD factor of type Ii and (3 a free action of the group 
= X R on 3^0- For each a; e X, consider the //a;-twisted crossed product 

= ^0 >^f3,^l, L, X eX, 

where /ia;(m, n) = p,{x;m,n),m,n e L. Let {u{x;m.) : m E L}, x G X, he 
the /Ua:-projective unitary representation of L in J{x^fj_{x) associated with the 
twisted crossed product. Then we have 

(kx^^{x) = iRo V {u{x; m) :m e L}", x e X. 

For each g — {y, g, x) e Q, set 

/9il,)(a) = /3g(a) for a e Jlo; 

(3(yl.){'^{^'^^)) = My, 9mg~'^;y, g, x)u{y; gmg~'^), m e L. 

It is routine to check that is indeed an action of the groupoid Q on the 
Borel field {!Jlx^ij,{x) : x e X} of factors of type Ii and the von Neumann 
algebra: 

Mo(A,/i) = / DlA,M(a;)dm(a;) 
Jx 

accommodates the required action P'^'^ of H. 

If H is amenable, then L is also amenable, which makes each !Jlx,iJ,{x) 
approximately finite dimensional, and therefore Mq is AFD. 
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Theorem 2.3. Let {C, M, ^} be an ergodic flow and a an action of a count- 
able discrete group H on the flow, i.e., a is a homomorphism of H into the 
group Aut6i(C) of automorphisms of C commuting with the flow 9. Let L be 
a normal subgroup of H contained in the kernel Kei{a) of a, i.e., L does not 
act on C at all. Consider the product group H — H x M. whose joint action 
on C will be denoted by a. Then we have a functorial model construction: 

(A, ^l) e z,(^, L, u(e)) ^ {M(A, a^-'^} 

such that 

i) The restriction of the covariant system {M(A, fJ>),H, a^'^^} to the cen- 
ter is conjugate to {C, if, a}; 

ii) The von Neumann algebra M(A, /j.) is type Iqo and admits a faith- 
ful semi finite normal trace r which is transformed in the following 
fashion: 

Tcag^s = e~^T, {g,s)eH; 

iii) L = (a'*'''^)~^(Int(M(A, /u))) and M(A, //) admits a map u^'^ : m e 
L u^^^{m) e U(M) such that 

u^'^{m)u^'^{n) = iJ,{m,n)u^''^{mn), m,n e L; 
aj;,^(w^'^(m)) = X{gmg-^-g, s)u^'''{gmg-^), {g, s) G H; 

iv) To each f e Map(L, 11(6)), there corresponds an isomorphism af : 
M(A, //) I— > M{Xdif, iJ,d2f) such that 

af{u^'^{m)) = f{m)u^'^{m), m e L; 

<^h°<^h = ^/i/2, h,he Map(L, U(e)); 
Toaf = T, / e Map(L, 11(e)). 

Consequently, the restriction a^'^ of a^'^ to the fixed point subalgebra: 



M{X,ii) = M{X,ii) 
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is an action of the group H on a factor of type JSL whose flow of weights is 
precisely {C, R, ^} such that its modular characteristic invariant is given by: 



Xm(«^'^) = [A,Ai]eA«(iy,L,lX(e)). 

If the group H is amenable, then the factor M of the model {M(A, //), H, a^'^} 
is approximately finite dimensional. 

Proof. We continue the discussion in the proof of Lemma 2.2. Let 3^o,i be 
an AFD factor of type loo equipped with a one parameter automorphism 
group {9s : s e M} scahng trace, i.e., t°9s — e~^T,s e M, with r a faithful 
semi finite normal trace on 3lo,i- We set 

M(A, n) = Mo(A, /x)®3lo,i and M(A, /x; x) = 3?a,m(^)®^o,i; 

M(A,/x)= / M{X,iJ,;x)dm.{x). 
Jx 

Let Sm be the modulus of the quasi-invariant measure m on X relative to 
the groupoid Q, i.e., 

<^m (y, g, x) = ^^^^ ^ (^x^ , {y,g,x) eg, 

and set 

Pm(^) = S + log(5m(^)), ^ e ^• 

We then define an action {ctfjl^^)} of Q on the field {M(A,/i;a;) : a; e X} 
in the following fashion: with g = {y,g,x),g — {g, s) E H = H xM., 



24 



OUTER CONJUGACY I 



Then we have for each a e M(A, jj) and g — {g,s) E H 





-ro,{a{x))5ra{y, g, a;)dm(x) 



/ e-^-(«'^'-)T,(a(a;))5^(y, ~g, x)dui{x) 



Jx 




I e ^ Tx{a{x)) dm{x) — e ^T(a). 

X 



X 



is^(yr9,-))r^^a{x))5^{y,g,x)dm{x) 



Therefore the trace transformation rule of the integrated action a ''^ of H 
on M(A,//): 

r°5g,s = e"V, {g,s)eH, 

foUows. The rest of the assertions in the theorem foUow easily now. This 
completes the proof. 

Corollary 2.4. Suppose that G is a countable discrete group with a preas- 
signed normal subgroup N and that {C, M, ^} is an ergodic flow. Let a be 
an action of G on the flow {C,M, 6*} such that N C Ker(Q;), i.e., a homo- 
morphism of G into the group AvLtg{C) of automorphisms commuting with 6 
which maps N to the identity. So the action a factors through the quo- 
tient group Q = G/N. Fix a cross-section s : Q ^ G of the quotient 
map TT : g E G ^ gN G Q. Then for any modular obstruction cocycle 
[c,u] G H^"*(G, A^, 11(C)); there exists an outer action a of G on an infi- 
nite factor M with N = Q;~^(Cntr(M)) such that the associated modular 
obstruction Obm(Q:) is precisely the cohomology class Obm(Q:) = [Ci'] G 



// G is amenable, then the construction of {M, G, a} yields that M is 
approximately finite dimensional. 

Proof. Denote the unitary group U(C) by A for short and H = H x W. Let 
[c] = a([^,C]) e R^iG,T) be the image of the cohomology class u] under 
the map d : H°^*(G,iV,A) ^ B.^{G,T) of [KtT2: Lemma 2.11]. Consider 



H-*(G',iV,lX(e)). 
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the resolution system: 

1 > M > H{c) G > 1 

of the cocycle c G T?{G, T). As 7r^([c]) = 1 in H^(if, T), we have Inf([^, v\) = 
7r^°9([^, i^]) = 1 e }i^{H,T) in the modified HJR-exact sequence, so that 
we can find x = lA ^ ^a{H,L,A) such that = 6{x) by [KtT2: 

Theorem 2.7]. Now Theorem 2.3 yields the existence of a covariant system 
{M,if,a^'^} such that L = {a^'^')-^{Cnt,{M)) and x(a) = X- With s„ a 
cross-section of ttq, we set 

"9 ^ "Ma) ^ e G, 

to obtain the outer action a of G on M such that Obni(Q:) = [C,^^]- This 
completes the proof. 

§3. Reduction of Invariants for the Case of Type IH;^, < A < 1. 

First, fixing < A < 1, we set 

T = -27r/(logA) > and T' = -logA > 0. (3.1) 

Let e = L°°(M/T'Z) and A = 11(6). The action d of the real line M on 
T = K/T'Z is by translation. 

Lemma 3.1. In the above context, the first cohomology group HJ(M,^) has 
the following structure: 

i) H^(M, A) ^ M/TZ; 

ii) The following exact sequence splits: 

1 > B^(M,A) > Z^(M,A) > M/TZ > 



Proof, i) This follows from Proposition 1.8 by setting Y = {Q} e X = M/T'Z. 
Because 

Qy = {0} X T'Z, A(0) = T and ^q{T'TL, T) = TO ^ M/TZ. 
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ii) The notation [x\^x e M, stands for the Gauss symbol, i.e., the unique 
integer n such that n < x < n -\- 1. Set 



(-( 


X 




X + t 


) 


T' . 




T' 





s,t,x E 



(3.2) 



and observe that the function c{s,t, •) is periodic in the last variable x with 
period T', so that it can be viewed as a function over X = W/T'I^. Further- 
more, we have 

c(r + s, t, x) = c{r, t, x)c{s, t, x); 
c{r, s + t, x) = c{r, s, x)c{r, t,x + s); 
c{T, t, x) = 1. 

Thus {c(s, ■,■)} is a one parameter subgroup of Z^(]R, A) with period T. 
Hence the map: st G R/TZ i-^ c(st, ■, ■) G Z^(M, A) is a cross-section Sz of 
the map : Z^(R, A) ^ H^(M, A) = R/TZ. 

Corollary 3.2. If M, is a separable factor of type M\, < A < 1, then 
the association of extended modular automorphism to each s G M/TZ with 
T = -27r/(log A) and (p G 2IJo(M): 

(s, (p) G R/TZ X 2no(M) ^ C7^(.^) G Cntr(M) 

is equivariant in the sense that if a is an isomorphism of M onto another 
factor then 



— 1 a.(<p) 
OL°(7l /. ^oQ! = (J 



(3.3) 



In fact, for each ip G 2no(M); there exists a non-singular positive H E Q^^ 
such that with p — p{H ■ ), 



yP — n'f 



where st = s + TZ G 

Proof. The last lemma shows that {^(st)} is a one parameter subgroup 
of Zq{R, A) with period T. Hence for each p G 2iro(M), {u^p{st) '• s G 
R} — {bip{Bz{sT)) : s G M} is a one parameter subgroup of 'IX(M) n T)'^ with 
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period T (for notations, see [Tk2: Page 458]) and {^"^(^j,-) : s G M} is a 
one parameter automorphism group of M with period T which leaves JA.^ 
pointwise invariant. 

Fix (f G 2no(M) and take a non-singular positive /c G C,^ such that 
Ad(/c~*"^) = o"^, so that '0 = (fi{k ■) is a faithful semi-finite normal weight 
with a J, = id. Then it follows that ip^'^ belongs to the center C, (in fact it 
generates C). With h e G such that h^'^ = '0'^, we have 

Hence we get 

deMsT)) = b,{st) = de{h-''k''ip''), s G R. 

This means that v{s) = u^{sT)h^^k-^^V~'^ G lC(M),s G R. Now as /c G C^, 
v{s) and 'D^p commute, consequently so do ip and v{s). Hence {v{s)} is a 
periodic one parameter unitary group in the centralizer M,^ with period T 
such that 

<(s,)=Ad(^(«))°^^ sgR. 

Since both cr^j^j^-j and leave JA^p pointwise invariant, {f (s)} is contained 

in the center C(^. Thus there exists a non-singular £ G such that v{s) = . 
Therefore the operator H = ki & Q^p gives a faithful semi-finite normal weight 
p such that a§ = s G R, as required. 

The equivariance of follows from that of the Falcone- Takesaki cross- 

section b^p: 

a^(,)=Ad(6^(5,(s))), sgR/TZ; 
This completes the proof. 

Theorem 3.3. If M, is a separable factor of type Mx, then the intrinsic 
invariant 0(M) lives in the group: 

A(Aut(M)m,Cnt(M),T) ^ A„iodxe(Aut(M) x R, Cntr(M), U(e)), 

where 

Aut(M)m = {(a, s) G Aut(M) x R : mod(a) = st' G R/T'Z}, 



28 



OUTER CONJUGACY I 



and {e, M, 6} is the flow of weights on M, i.e.,e = L°°{R/T'Z) and 9 is the 
translation with T' = — logA. 

Proof. This is simply restating Proposition 1.11 with Y = {0} e X — R/T'Z. 
We leave the detail to the reader. 

Before going any further, we need to discuss the structure of the third 
cohomology group H^((5m, T). So let Qm be a discrete group equipped with 
a distinguished torsion free central element zq. We denote by Z the cyclic 
subgroup generated by Zq, which is isomorphic to the integer group Z under 
the map: n E Z Zq E Z. We denote the quotient group Qm/Z by Q. The 
elements of Qm are denoted by p, q, f and so on and their quotient images 
will be denoted by plain p, q, r and so on. The quotient map: Qm ^ Q will 
be denoted by TTm, so p = 7rmip),q = '^miq),r = 7rm(0- ^ cross-section Sm 
of the exact sequence: 

1 > Z > Qm — ^^^^ Q > 1 

gives rise to an element n e 'Zi^(Qi Z) such that 

Sm{p)Sm{q) = ZQ^^''^^Sm{pq), P^Q^Q- 

Definition 3.4. A cocycle c e Z^((5m, T) is said to be standard if there 
exists a e C^((5, T) such that 

c(p2;^, qzQ.fzi) = dc{q, r)'^c{p, q, r) 

for each m, n, £ G Z and p,q,f G Qm- We denote the group of all standard 
3-cocycles by (Qm, T). The cochain dc is called the d-part of the standard 
cocycle c G Zg((5m,T). 

Needless to say, the above definition makes sense only when we fix the 
distinguished element zq in the center of Qm- This element will stand for the 
automorphism 6t' on the discrete core Md of a factor M of type HIa which 
scales the trace by A. 

Theorem 3.5. i) Each c G 'Z?{Qm-i T) is cohomologous to a standard cocycle 
c,eZl{Qm,T). 
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ii) The d-part dc of a standard cocycle c e Zg((5m,T) is necessarily a 
cocycle, i.e., dc G Z^((5,T) and c-part c{p,q,r) satisfies; 

c(zo,q,r) = dc{q,r). 

iii) A standard cocycle c E Z^((5m, T) is a coboundary if and only if there is 
a function f e C'^iQmi T) with c = dq^f satisfying 

f{Pz^,qz^)^f{zo,qrf{p, q); 
f{zE, q)f{z^, q)^f{z^+^, q); 
f{p, 1) = /(I, q) = 1. 

for allp, q eQm- 

More precisely, there exists an element f e C^{Qni, T) such that the func- 
tion f{p,-) of the second variable factors through the quotient map TTm and 

c{p,Q, r) = {dQ^J){p,q, r); 

dc{q, r) = f{zo, r)f{zo, q)f{zo, qr)~^; 

f{pz^,qz^)^f{zo,qrfip,qy, 

for any pair q,r & Q and q,f & Qm with q = TTmiq), r = TTmif) . 

Choose and fix a cocycle c G Z^((5m,T). Consider the von Neumann 
algebra A = £°°{Qm) of bounded functions over Qm and let B be the unitary- 
group B = U{A) = which generates an exact sequence of compact 
abelian groups: 

1 ^ T — ^ B — ^ C > 1. 

The exact sequence splits so that the group C is identified with the subgroup 
of B consisting of all T-valued functions on whose value at the identity 
1 G Qm is 1- The map j is given by: 
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The translation action of Qm does not leave the subgroup C invariant, but 
the little twisted action given by 

K/)(9) = ^, /eC, 

is consistent with the right translation action a of Qm on B as seen below: 

(«p/)(^) _ f{qp) 



{apf){l) fiP) 

{a^jifm, fee. 



The action ct^^ will be denoted by 9. The fixed point subgroup will be 
denoted by L, which is the subgroup consisting of those functions f & C 
such that 

def = {ef)f-^ = Constant G T, 

equivalently 

fiPZo) = f{P)f{zo), P e Qm- 

Therefore, on £" = j~^{L), the coboundary operator Bq becomes the evalua- 
tion of the value of a function f & E at zq, i.e., 

d0f = f{zo), feE. 

The cocycle i*c G Z^^^Qmi B) is cobounded by the element u = Uc E 
Cl{Q^,B) defined by: 

as seen below: 



1 = c(p, q, r)c{xp, g, r)c{x, pq, r)c{x, p, qr)c{x, p, g); 



c(p, g, r) = c(xp, g, r)c(x, pq, r)c{x, p, qr)c{x, p, q) 
= {apu){x; q, f)u{x; pq, f)~^u{x; p, qf)u{x;p, q)~^ 
= {ap{u{q, f))u{pq, f)~^u{p, qf)u{p, q)~^){x) 
= idQ^u){x;p, q,r). 
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In fact, we have 

Rl{Qm,B) = {l}, n=l,2,--.. 

As c(l,g, f) — 1, the element u{q,f) G B,q,f G Qm, belongs to C. But 
to distinguish u{q,r) G C from u{q,r) G S, we will denote u{q,f) G C by 
j^u{q,r). Since {dQj^u{p,q,r))) = j{c{p,q,r)) = 1, is an element of 

Za((5m, C*), which gives rise to an exact sequence: 

1 > C > C 

s 

{a,p){b,q) = {aap{b){j^u){p,q),pq), a,be C,p,qe Qm] 
T:{a,p)^p, s{p) = {l,p), 

so that 

j*{u{p, q)) = nciP, q) = s{p)s{q)s{pq)~^ , p,qe Qm- 

The action ap G Aut(C) of p on C is given as the restriction of the inner 
automorphism Ad(s(p)) G Int(C ><ia,j.,uQni)- The coherence of the action ap 
on B and Ad(s(p)) on C intertwined by n gives rise to an element (A,//) G 
Za(C Xaj*u <5m, C*, T) such that 

apiSjisipy^asip))) = X{a,p)5j{a), {a,p) G C >ia,uu Qm; 
IJ,{a, b) = 1, a,b & C. 

The fixed point subalgebra is identified with S = i'^{Q) and therefore 
the fixed point subgroup is identified with 1I(!B) = T'^, the compact 
abelian group of all T-valued functions over Q. Set K = B^/i{T) C L = C^. 
We then have the following: 

Lemma 3.6. There exists a cross-sections: Qm ^ C ><ia,j»{u) Qm such that 
the element z = s{zo) commutes with s(Qm)- Hence the associated cocycle 
= dq^s takes values in L and therefore riL G Z^(Qm, L). 

Proof. Since H^(Z, T) = {!}, we may assume that c|z3 = 1. Hence the 
restriction Ml^a is a cocycle. Hence there exists v G C^{Z,B) such that 
u\z^ = dzv. Extending v to Qm and replacing u by {dQ^^v)~^u, we may and 
do assume that the restriction w|^2 of u to is trivial, i.e., u{z^, Zq) = 1. 
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Hence we have s{z1p) — s{zo)'^. Set z = 5{zo). Now we look at the action 
6 = Ad{z) on s{p): 

e^{s{p)) = j{uiz^,p))5{pz^)z-^ 

= j{u{z^,p)uipz^,z^^Mp). 

Set 

v{p, m) = u{z^,p)u{pz^, Zq p e Qm, m e Z; 
b(p,m,n) = drnivip,n))v{p,m)v{p,m + n)~^. 

We claim: 

6(p,.,.)eZ2(Z,T). 
The cocycle property is obvious. So we check if b{p, m, n) e T: 

j{v{p,m + nMp) = 9^+^{s{p)) = 9^{j{v{p,nMp)) 
= j{e^{vip,n))vip,m))s{py, 
j{9'^{v{p,n))v{p,m)v{p,m + ri)~^) = 1. 

thus b{p,m,n) G T. The triviality H^(Z, T) = {1} entails the existence of 
a{p, •) e C^(Z, T) such that b{p, •, •) = dza{p, •), i.e., 

6m{v{pj n))v{pj m)v{pj m + n)~^ = a{p^ m)a{p^ n)a{p^ m + n)''^. 

Setting 

w{p,m) = a{p,m)~^v{p,m) e B, 

we get 

wipjUi + n) = 9'^{w{p, n))w{p, m) 

and 

z'^5{p)z~'^ = j{w{p, m))${p). 

Once again the triviality H^(Z, B) = {1} gives the existence of a(p) e B so 
that w{p,m) = 9'^{a{p)~^)a{p). Hence we get 

z^j{a{p))sip)z-^^j{a{pMp). 
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Therefore, z and = j{a{p))s{p),p G Qm, commute. 

Proof 0/ Theorem 3.5. i) With the last lemma, we replace the cochain u G 
C^((5m, B) by the cochain u e C'^iQm, B) given by: 

u{p,q) = a{p)ap{a{q))u{p,q)a{pq)~^ = {udQ^a){p,q), p,qe Qm, 

which still cobounds the cocycle i*(c) G Z"^(Qm, B). Now as 

nLiq,r) = 3{u{q,r)) G L, 

w(g, f)eE^ j~^{L) C -B and 



shows that 

i) the cocycle is the puUback 7rj^(n2) of a cocycle G Z^(Q,L); 

ii) there exists / G C^((5m,T) such that 

uip,q) = f{p,q)Sj(n2(p,q)), p,qe Qm,P = 7rm(p), ? = 7rm(?). 

Therefore with v(p, q) = Sj(n^(p, q)) we have 

c(p, Q,r) = {dQ^u){p, q, r) = {dQ^f){p, q, r){dQ^%^{v)){p, q,f) 
= r)ap{v{q, r))v{p, qr){v{p, q)v{pq, r)}~^ 

= (^Qm/)fe r)ap{v{q, r))v{p, qr){v{p, q)v{pq, r)}~^ 
= {dQ^f){PiQir)cs{p, q,r) 



u{xzo;q, f) 
de{u{q, f)) 
9^iuiq,r)) 



u{x; q, r)u{zo;q, f)f 

u{zo;q,r) eR/TZ;[ x,q,reQ 

u(zo;q,r)'^u{q,r). ^ 



The calculation: 



riLiqz^, rz^) = s{qz^)s{rz^)s{qrz^+^)-' 



= s{q)s{r)s{qr)~^ 
= ^Liq, r), 



-1 
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where 

CsiP, q,r) = ap{v{q,r))v{p, qr){v{p, q)v{pq,r)}~^ = {dQ^T^^{v)){p, q,r). 

Now the original cocycle c is cohomologous to Cg. We then obtain the fol- 
lowing: 

Csipzl^, qzQ, tZq) = ap-e'^iviq, r))v{p, qr){v{p, q)v{pq, r)}"^ 
= apie^'iviq, r))v{q, r)~^)cs{p, q, f) 
= v{zo]q,r)"^Cs{p, q, f). 

Hence (ic(?, t) = v{zq; q, r) gives the d-part of Cg. 

ii) Suppose that c e Z^{Q^, T) is standard. Then we have 



dc{q,r) = c{zo,q,r), c(zo,q,r) = c{zop,q,f)c{p,q,f). 
Therefore we compute for p,q,r & Qm- 



dc{q, r)dc{pq, r)4(p, qr)dc{p, q) 



=c(zo,q,r)c{zo,pq,r)c{zo,p, qr)c{zo , p, q) 



--c{zo,q,r)c{zo,pqzQ '^^^'''\r)c{zQ,p, qrz^ '^^'^'''^)c{zo,p, q) 
--c{zq, q, f) c{zq , pq, f) c{zq , qf) c{zo,p,q) 



=c{p, q, r)c{zop, q, f)c(zo,pq, r)c{zo,p, qf)c{zQ,p, q) 
=9Qm{c){zo,P, q,f) = l. 

Hence we conclude that dc G Z^((5, T). 

iii) Suppose that c = dq^f, f e C^((5m, T), is standard with d-part d. We 
then compute: 

d{q,r)'^c{p,q,~r) = {df){pz^,qz^,fzi) 

(3.4) 

= /(g~^o , fz'o)f{pqz^+'',rz(,)f{pz^, qfz^+')fipz^, qz^). 

Setting p = 1, we get 

d{q,rr = {df){z^,qz^,rz'o), m,n,£e Z, 



f{qz^, fzl)f{qz^+\ fzi)f{z^, qrz^+')f{z^, qz^) 
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Setting g = f = 1, we obtain the cocycle property of flz^: 



Since H^(Z,T) = {!}, there exists g e &{Z,T) such that 



f{z^, z^) = g{zE^)9{z^)g{z^+n- 
Extend g to the entire Qm and replace / by (dq^g)/ to get 

f{z^,z^) = l,m,neZ. 
Setting q — I, f — 1 and m = in (3.4), we get 



/(p, z^+') = ((r ® id)/)(p, 4). 

Hence the cochain: /c G Z i-^ /(• , Zq) G 5 is a cocycle, thus the triviality 
H^(Z, S) = {1} gives the existence of e Cl^{Qm, T) such that 

f{p, 4) = 9{p4)9{p)~^- 

As a constant multiplication on g does not affect on the above identity, we 
may and do assume that g{l) = 1. Observing 

l = /(^o^4)=^7(^o+'M^o)-'; 

g{z^+')=g{z^)=g{l) = l, nJeZ, 

we get 

f{p, 4) = 9i4)~^9{p4)9{p)~^ = dQ^9{P, 4)~^- 
Now with /' = fdq^g, we obtain 

np,z^) = l; c = dQj'. 

By replacing / by /', we may assume /(p, Zq) = 1 and c = dq^f . 
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Since f{p, Zq) = 1, for triplet {p, Zq, q) in (3.4), we get 



f{z^, q)f{pz^, q)f{p, ZoQ)fiP. z^) = c(ji, z^, g) = 1; 
fipzo, q) = f{zo, q)f{p, z^q) 



and for triplet (p, q, Zq) in (3.4), we obtain 



f{q, z^)fipq, z^)f{p, qzi;)f{p, q) = c(p, q, zj^) = 1; 
fiP, qzo) = f{p, q) 



which implies that f(p, q) is invariant with respect to Zq in the second 
variable. For triplet {zq^, Zq, q) in (3.4), we also get 



We conclude that if c is a coboundary on Qm, then there is a function / e 
C^iQmi T) with c = dq^f such that for all p, q & Qm., 



This completes the proof of the theorem. 

We apply Theorem 3.5 to the situation: 

i) the group Q is the quotient group G/N of a discrete group G by a 
central normal subgroup N\ 

ii) m : G 1-^ W/T'X is a homomorphism which factors through Q, i.e., 
Ker(m) D AT so that m = moTTm employing the same notation m 
for the homomorphism from Q to R/T'Z induced from m e Hom(G, 
M/T'Z); 

iii) the group Qrn is given by: 

Q^ = {p= {p,s) eQ xR: m(p) = st' = s + T'Z e R/T'Z}, 
hence the quotient map TTm is precisely the projection map 



f{z^, q)f{z^z^, q)f{z^, z^q)f{z^, z^) = c{z^ , z^, q) = 1; 

f{zE, q)f{zo, q) = f{z^^\ q)- 




pr^ : p = {p, s) e Q 



m 



^ p e Q 
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to the first component; 
iv) the distinguished central element zq is given by: 

zo^{l,T')eQm. 

In this setting, we make the following: 

Definition 3.7. The standard coboundaries Bg{Qm,T) in Zs((5m,T) are 
given by: 

B3(g^,T) =aQ„,«(C2(Q,T))) C B3(Q^,T). (3.5) 

The standard third cohomology group Hg (Qm, T) is defined to be the quotient 
group: 

Hf(g^,T) = Z3(Q^,T)/B3(Q^,T), (3.6) 

which is a compact abelian group. 

The reason for this smaller coboundary group comes from the fact that 
when we perturb an outer action ct^, (7 G G, on a factor M, we do not allow 
a perturbation by Cntr(M) but by Int(M). So even if we consider an outer 
action of the bigger group Gm on the discrete core Md, we can not use all of 
U(M) but only U(M). 

The (i-part dc of each c e Zg (Qm, T) is an element of Z^(Q, T) and also 
each u e Hom(iV, R/TZ) gives rise to an element of Z^((5, T): {q, r) E Q'^ ^ 
z^(nL(p,g)) e R/TZ under the identification of st G M/TZ and e^^'* e 
T, s e M. Hence we define Z^(Qm, T) *s HomG(iV, R/TZ) to be the subgroup 
of Zg((5ni,Tr) X Home (A'", R/TZ) consisting of all those elements (c, z^) such 
that 

dc{q, r) = u{nL{q, r)), q,reQ. (3.7) 

Here the fiber product depends on the cocycle xxl G 7?{Q,L) explicitly and 
therefore on the cross-section 5: Q 1— > G of tt. 

Theorem 3.8. Fix < A < 1 and set 

T = T' = — = -logA and X = R/T'Z. 

Let G be a group equipped with a central subgroup N. For a homomorphism 
m: G H- > X such that Ker(m) D A^, consider the joint action of G — G x M. 
on X given by. 

Tg^s{x) =x- ST' + Toa{g) e X, {g, s) G G, 



38 OUTER CONJUGACY I 

and the action a of G on G = L°°(X) given by: 

c^g,sf{x) = f{T-lx), xex = R/T% fee. 

The action of M alone denoted by 6 is the transitive flow with period T' 
and gives H^(M,A) ^ K/TZ where A = U(L°°(X)). Define Q = G/N 
and Qm = {{Pi s) G Q x R : m{p) = G M/T'Z}. Define the subgroup 
B^'^*(G,iV,T) to be the subgroup o/Z^(Qm, T) *sHomG(7V, M/TZ) consisting 
of all those elements (c, u) of the form: 

c = dQj7rU) and v = l, (3.8) 

for some f G C^{Q, T) and form the quotient group: 

H^^;,(G, iV, T) = {Zl{Q^, T) HomG(iV, M/TZ))/B^-;,(G, iV, T). (3.9) 

Then there is a natural isomorphism: 

H-*(G,iV,A)-H^";,(G,iV,T). 

The joint action of(5 = QxRonX = M/T'Z is transitive. But the 
coboundary group B^ g((5,^) = 9g(C^((5, A)) is smaller than the regular 

coboundary group 9g(C^(Q, A)) for the third cohomology group H^(Q, A). 
So it is not clear whether the straightforward Shapiro machine works or not. 
We have seen that for the relative cohomology group AQ,(i?, I/, M, ^) the 
Shapiro machinery works in Proposition 1.11. So we begin by looking at a 
resolution system ttq : H t-^ G with L = n^^{N) and M = Ker(7rG), so that 
c G Z°';*(G, A^, A) is of the form c = 5(A, /i) for some (A, fx) G Zc,{H, L, M, A). 

Let E = E{X, n) G Xext(i?, L, M, A) be the corresponding crossed extension 
equipped with a cross-section Sj : L t-^ E such that 

IJ,{m,n) = Sj{m)Sj{n)Sj{mn)~^ , m,n G L; 
A(m, h, s) = ah,siSj(h~^mh))Sj{m)~^ , (h, s) G Q. 

Let p be the groupoid homomorphism of Ti. = X >i H to the stabilizer sub- 
group Hj^ — {{h, s) e H : m(/i) = st>}, where the map m : H t—>^ M/T'Z is 
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defined to be the puUback m = m°7rG of the corresponding map m of G by 
ttq. The map p is exphcitly written in the form: 

p(y, /i, s) = {h,s-{y - m(/i) + sjj,, + {yj^,) G H^, (y, h, s) e H. (3.10) 

In fact, we have 

p{y, hk, s + t) = {hk, s + t - {y - m{hk) +s + i}^, + {y}j^,) 
^ {h,s- {y- m{h) + s}^, + {yj^,) 

X {k,t- {y- m{hk) + s + i}^, + {y - m{h) + sj^,) 
= p{y,h,s)p{yh,k,t) with h = (h, s) . 

Lemma 3.9. If p is a homomorphism, of Ti to a group K , then for any 
c G Z^{K, T), the pullhack p*{c) defined by: 

p*{c){x;hi, ■■■ ,hn) = c{p{x,hi),p{xhi,h2), ■ ■ ■ , p{xhi ■ ■■hn-i,hn)) 

(3.11) 

is an element o/Z^(7i,T) and z// e {K,T), then 

dHP*{f) = P*{dKf) (3.12) 

where p*{f) e C"(7i,T) is given by 

{p*f){x;hi,--- ,hn-i) 

= f{p{x, hi), p{xhi, /i2), • • • , p{xhi ■ ■ ■ hn-2, hn-i)). 

Hence p* gives a homomorphism of'H.^{K,T) to H^(7i, T). 

This follows from a direct calculation. We leave it to the reader. 

Proof of Theorem 3.8. First, since p{y, h) = h for every h G H^, we have 
i*op* = id|2;3(j7^^ T) where i is the embedding map i{o} Proposition 1.8. 
Next, choose (c^v) G Z°"*(Q, A) and assume that the system ttq : H G 
gives a resolution of ^(c, i^) G Z^(G,T) by (A, ^) G Z^{H,L,M,A) so that 
([c],z/) = 5{[X,p]) by the modified HJR-map: 

5:Aa{H,L,M,A)^Iil^\G,N,A). 
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This means that if Sj is the cross-section of the crossed extension: 

E = E{X,ii) e Xexta{H, L,M,A) 

associated with (A, //), the cocycle (c, u) is given by: 

c(p, q, r) = ap{Sj{nL{q, r)))Sj{nLip, qr)){Sj{nL{p, q)5j{nL{pq, r))}"^ 
z/(n) = [A(%(n); (1, ■))] G H^(M, A) = R/TZ, 

for p= {p,s),q= {q,r),r = (r, u) e Q and n e N where Sh is a cross-section 
of the quotient map tTq. By Proposition 1.11, with (Ao,/io) = fJ-) £ 
Z{Qrn,L,M,T) we have 

(A,//) =p*(Ao,/xo) mod B(Q,L,M,A). 
Therefore we may replace (A,//) by p*{Xq,iio), i.e., we may assume that 

IJ,{y;m,n) = i-iQ{rn,n) G T, m,nE L; 

X{y; m, h) = Ao(m, p(y, ^)), meL, h e H,y e X = R/T'Z. 

With = E{Xo, Ho) e Xext{Hrn, L, M, T), we have E = p*{Eo), i.e., 

E = Ax Eo/{{a,a) : a e T} 

admits a cross-section 5j : m & L >—>^ [-S^ol™)] £ -E' such that 

Sj{'m)Sj{n) = fj,{m,n)Sj{mn); 
(^hi^jih~^^h)){y) = X{y;m, h)Sj{m){y) = a^^^^-^^{so{h~^mh)). 

Now let us compute, based on the fact that the L- valued cocycle xil does not 
depend on the M-variables: 

(p*c°)(p, q, f; ij) = c'^{p{y,p),p{yp, q),p{ypq, r)) 

= «p(y,p)(5o(nL(p(m q),p{ypq, r)))so{nL{p{y,p), p{yp, qr)) 
X {so (ul (p(y, p) , p(yp, g) ))5o (n^ (p(y, pg) , p(yM, ^) )) } " ^ 
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= ("p iSj{nL{q,r)))Sj{nL{p,qr)) {Sj {xxl {p, q) )Sj (ul (pg, r ) ) } " ^ ) (2/) 
= c{p, q, r; y). 

Suppose that G Bg (Qm, T), i.e., for some / e C^((5, T) we have 

c°(p, q, f) = /(g, r)/(pg, r)/(p, gr)/(p, g); 
Then we have for c = p*c°: 

(p*c°)(p, g,f;y) = f{7Tm{p{yp, q)),T^m{p{ypq,f))) 

X / (TTm (p(y, p) )7rin {p{y,p)), TT^ (p(yP, g^ ) ) ) 

X fiTTmipiy, p)), TTmipim q)piypq, 0)) 

X /(7rm(p(2/,p)),7rin(p(yp, g))) 

= r)f{p, qr)f{p, g) 

= ^Q(prl/)(p, q,f;y), 

where prj^ is the projection map of Q to the first component Q, so that 
p*cO e aQ(C^(Q,T)) c dQ{C'^{Q,T)). U p*c^ e aQ(C^(Q,T)), i.e., if there 

exists / e C^((5, T) such that p*c° = dgf, then for each p,q,re Qm we have 
c(p, g, r; y) = /(g, r; y + m(p) - s)/(p, gr; g; y)/(pg, r; y) 

Hence we get 

c^iP, q, r) = c{p, g, f; 0) = {dQ^TT^{fo)){p, g, f) 

where fo{p, g) = /(p, g; 0). Thus we conclude cq G 9Q^(7r^(C^(Q, T))). Con- 
sequently, we get 

Rl,iQ,A)^iiUQm,T). 
We want to compare the d-part dc of c and the d-part = d^o of 
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In terms of c and c^, dc and (i^ are given by the following: 
4(s;g,r) = c((l,s),(Q, 0),(r, 0)) 

= Os{3j{nLiq, r))Sj(nL(l,gr)){5j(nL(l,g))Sj(nL(g,r))}~^ 
= OsiSj{nLiq,r))sj{nL{q,r))~^ 
= A(nL(g,r),s); 
4(s;?,r;y) = A(|/; nL(Q, r), s) = Ao(nL(Q, r), p(y, 1, s)) 
= Ao(nL(g, r),s-{y + s}^, + {y}^.,) 



= ( i'{nN{q,r)), 



y + s 



y_ 

T' 

y 



y + s 



= exp (iT'{i^{nNiq,r))}j.^ 

(iO(Q,r) = c((l,T'),(g,0),(r,0)) 

= 9T'{5j{nL{q,r)))Sj{nL{q,r))-^ = Xo{nL{q,r), zq) 
= z>(nL(g,r)) =exp(-iT'{iy(nL(g,r))}y) 
= 4(T';g,r;0) 

where the duality pairing of R/TZ and its dual Z will be denoted by 

(s, m) = e-^^'"*{^>T for m e Z 

and s G R/TZ and we write z>(m), m E N, for e~^^ {2^(™')}t for short. 

Hence (c, z/) is in g((5, ^) *s HoniG^N, M/TZ) if and only if (c°, z^) is in 
Z^(g^,T) HomG(iV,M/TZ). 

Now we suppose (c, z/) e Bl''l{G,N,A) i.e., there exists / e C^(g,A) 
such that for each p = {p, s),q = {q,t),r = (r, u) e Q, we have 



c(p, g, r; y) = /(g, r; gr; y)/(p, g; y)/(pg, r; y) ^; 



g, r; y) = /(g, r; y)/(g, r; y - s). 
Then we have, for each p, q^r G Quii 

c^{p,q,r) = c(p,g,r;0) 



= /(g, ^; 0)/(p, gr; 0)/(p, g; 0)/(pg, r; 0); 
t^c(9,r) = /(g,r;0)/(g,r;0) = l. 
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Thus we get {c^,u) e B;^"* (G, A^, T). Conversely, suppose {c^,iy) G B^"*(G', 
N, T), i.e., 1/ = 1 and for some / G C^(Q, T), 

c°(p,9,r) = fiq,r)f{pq,r)f{p,qr)f{p,q), P,q,r e Qm- 

Since we have seen aheady that c = p*c^ is cobounded by prjf/, we have 
(c, ly) G B°^*(G, iV, A). This completes the proof. 

The Map d: We now want to identify the map 

c»:H°^(G,iV,A)-H^"i(G,iV,T) . Z\G,T) 

of [KtT2: Theorem 2.7] in terms of H;^""* (G, N, T). To this end, we need nota- 
tions to shorten mathematical expressions. We use n^(p, q) for the Z- valued 
two cocycle r/T' (ni(p), m(g)),p, g G Q. We also use nz(^, /i) for nz(7r(5f), 7r(/i)) 
omitting the map tt. Also the element zq = appears both in Gm and 

Qm- So we have 

where g = (g, {m{g)}j.,) G Gm, g G G and p = (p, {m(p)}y,) G Qm- 
Lemma 3.10. Fix (c, u) G Z^(Qm, T) *s HomG(iV, M/TZ). Mi/i 

n^(^)=5(7r(^))^-iGiV, ^gG, (3.14) 

and 

z>(m) = e^'^'{'^("^)>T e m G L, 

cg(^, h, k) = i>(n^(A;))-"-(«''^)c(p, g, f), ^, /i, /c G G, (3.15) 
where p = Tr(g), q = Tr(h),r = 17 (k) . T/ien cg G Z'^(G, T). The map: 

i[c],u) G H^";,(G,iV,T) . [cg] G h3(G,T) 

is precisely the map d of [KtT2: Theorem 2.7]. 
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Proof. Since nN{g)g = s{7v{g)),g e G, where s : Q ^ G, we have for each 
pair g,h & G: 

niv(7r(^), TT{h)) =s{n{g))s{n{h))s{n{gh))-^ 

^-n.N{g)gnN{h)h{nN{gh)gh}~'^ 
=nAr {g)gT^N {h)g~^iiN {gh)~^. 

We compute for g,h,k,£ e G with p = 7r{g),q = 7r{h),r = 7r{k) and 
s = 7r{e) 

c{q, f, s)c{pq, f, s)c(p, gr, s)c(p, fs)c(p, f) 

/_ _ _\ / — nz(p,q) — - -\ /- —nz(q,r) — -\ 

= c{q,r, s)c{Zq pq,r, s)c{p, Zq ^ 'qr,s) 

X cip, Q, Zo''^^'''^^fs)c{p, q, f) 
= 4(7r(fc),7r(£))"-(^''^) = {iyinNi7Tik),7T{e))),nz{g,h)) 

and proceed to obtain the calculation: 

CG{h, k, i)ccigh, k, £)cG{g, hk, £)ccig, h, ktjcaig, h, k) 

= u{nN{£)y^^^''''^c{q, f, s)z>(nAr(^))-"^(^'*''=)c(M, r, s) 
X z>(njv(£))-"^^^''''=^c(p,^, s) 

X z>(nAr(A;£))~"^(^''')c(p, q, rs) 

X i>(n7v(A;))""^(^''')c(p, g, s) 
= z> (njv (/c) fcuAT (^) A; " ' n^ ( - ^ ) 

X z>(njv(^))""^('''^)t'(nAr(£))"^(»'^''=) 

X z>(njv(^))""^^^''*'=^J>(niv(M))"^(»''^) 
X z>(niv(/!;))-"^^^''^^ 

= 1. 

Hence cq belongs to Z^{G,T). 
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Since 



Ciy{t,n){x) = c{i'{n),t,x) = z>(n)^[^] [^]) 



z>(n), 



X + t 




X 


T' 




T' 



a; e E, n e TV, 



we compute the element a appeared in (2.23) in [KtT2] as follows; 

{et{a{g,h))a{g,h)''){x) 

= C,y{t;nN{Tv{g),n{h))){x) 

X {Ci.(t; nN{g)){x)ag{C„{t; iiN{h))){x)C„{t; iiN{gh))*{x)y 

z^(niv(7r(£?),7r(/i))) 
X |^i/(nAr(^)), 
X (^iy{nNih)), 
X (u{nN{gh)) 



X + t 




X 






J' 


X+t' 




X 


T' 




T' 



X - {m(5f)}y, + t 



X - {m(^)}y, 



X 




x + t 




T' 




T 


)] 



since niv(7r((7), 7r(/i)) = n]^{g)gn]^{h)g ^n]^{gh) and v is G-invariant, 



/fx + tl [ x-{m(g)}j,+t ] ( \ j;-{m(g)}^, ] f^^A 



which shows that the cochain a ought to be of the following form: 

a{g, h){x) = 0{nr,{h)) ^^^^^ \) . 

Now we examine the proof of [KtT2: Theorem 2.7], in particular the proof 
of Lemma 2.11. The split property of the exact sequence: 



1 



= R/TZ 



1 



allows us to choose / = 1 in [KtT2: (2.20)]. 
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We compute the map d as follows: 

{dc){g,h,k) 

= c{TT{g), 7r(/i), 'K{k)){x){dGa*){g, h, k){x) 

= c(7r(^), 7r(/i), 7r(A;))(x) exp(ii/(njv(A;))nz(^, h)) 

Therefore we obtain the image of c under the map d by evaluating at 0: 

c(p, q, f) = c{n{g),n{h), n{k)){0)u{nN{K k))~i^^^] ; 
{dc){g, h, k) = c(7r(^), 7r(/i), 7r(A;))(0)Kniv(A;))-"-(^''^) 



c{p, q, f)z>(n7v(A;))""^(^'''). 



r -{m(g)}_/ I 
•[ J 



Summarizing the above arguments, we describe the modified HJR-exact 
sequence of [KtT2: Theorem 2.7] in terms of cohomology groups with the 
coefficient group T in the following: 

Theorem 3.11. There is a commutative diagram between the modified 
Huehschmann-Jones-Ratcliffe exact sequences of H and Qm : 

h3(G,T) > H3(iJ,T) 

inf 

4 II 

B?{H,T) ) K{H,L,M,A) > H""^* (G X R, TV, A) — -R^{H,T) 

II II 

H2(ii-,T) ^^^^Sl^ A{Hm,L,M,T) ^'^'^ ) H°'^|(G, iV, T) ^"^"^"^ > H3(if,T) 

'''^-1 II 
h3(G,T) > H3(iJ,T) 

inf 
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where the maps related to the group Qm indexed by Q^. 
Definition 3.12. The second four term exact sequence: 

H2(ii-,T) i!^!^ A{H^,L,M,T) -^Sl^ H°"t(G,iV,T) : H^{H,T) 

will be called the reduced modified Huebschmann-Jones-Ratcliffe exact se- 
quence or simply the reduced modified HJR-exact sequence. 

Remark 3.13. The advantage of the reduced modified HJR-exact se- 
quence over the non-reduced one is that all the groups involved are obviously 
compact, while the non-compactness of the coefficient group A in the non 
reduced one forces us to prove the compactness of the cohomology group by 
examining the group of cocycles and coboundaries. 

§4. Outer actions of a Countable Discrete Amenable 
Group on an AFD Factor of Type IHa, < A < 1. 

We first apply the result of the last section to the outer automorphism 
group Out(M) by taking Out(M) as G and H^(M, U(L°°(M/T'Z))) ^ M/TZ 
as N: 

Theorem 4.1. Suppose that M. is a separable factor of type H^; < A < 1. 
The intrinsic modular invariant Obni(M) lives in the group: 

Ob^(M) = ([cIum) e H^",*,(Out(M),H^,T), 

where is the image {&s : s E R} of the modular automorphism group 
{af -.se R}, (p e 2IJo(M), in the quotient group Out(M) = Aut(M)/Int(M), 

uj^ is the identity map of onto itself, and m is the modulus map m : 
a e Out(M) mod(d) e R/T'Z. The group H^''^*3(0ut(M), H^, T) is a 
non-separable compact abelian group. 

In view of [KtT2: Theorem 3.2], there is nothing left for the validity of 
the assertion. But we want to identify the cocycle c G (OutT-^6i(M)in, T) 
directly, where 

Out,,9(M)„ = {(p, s) e Out^,e(M) X R : m(p) = s}. (4.1) 
Before going further, let us fix notations for quotient maps: 

n : Out(M) ^ Out^,e(M), 
n : Aut(M) ^ Outr,e{M) = Aut(M)/Cntr(M), 
TTo : Aut(M) ^ Out(M) = Aut(M)/Int(M), 

TT = TToTTq. 
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Fix a generalized trace ^|J e 2no(M) so that ~ id. The one-parameter 
unitary group {V'** : t G R} generates a von Neumann algebra isomorphic 
to L°° (M) and the non-commutative flow 6 restricted to is identified with 
the translation p: 



{Ptf){x) = fix + t), f e L°°iR),x,te R. 
We identify A"^ and L°°{R) and ip is then given by the function: 

ipix) = e-^, xeR. 

The center C of M is then represented by the fixed point subalgebra (yi^)^T' 
of , i.e., the subalgebra of periodic functions with period T'. We refer 
[Tk2: Exercise XII.6, page 455 ] for detail. 

Lemma 4.2. If i/j & 22Jo(M) is a generalized trace, i.e., a faithful semi- 
finite normal weight with period T and V'(l) = oo, then M and u^{st) = 
bti}{Sz{sT)) , s e R, generates the discrete core M^. 

i) The periodic one parameter unitary group {u^{st) : s eR} is repre- 
sented by the following function after A^ is identified with 

u^{s;x) — exp (iT'{s}y 



■ X ' 




" x ' 








[t'\ 




[t'\ 



X e M, s e R/TZ, (4.2) 



which is also represented as a function of ip in the following form: 



(4.2') 



(^iT's 


—log '0 




T' 



= J2^ '"'X(A"+i,A"](V'), S 



nGZ 



where X(A"+i,A"] ("0) means the spectral projection of ijj corresponding 
to the half open interval (A"""*""*^, A""], 
ii) The cocycle Sz{s) is cobounded by u^{s) in '\1{A^) relative to 9: 



Sz{s,t;x) = (s 



'X + t' 




' x ' 


[ T' \ 




[t'\ 



s e R/TZ, X e 



(4.3) 



iii) Aut(M)m acts on the discrete core M^, i.e., if {a,s) e Aut(M)r 
then 9s°a leaves globally invariant. 
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nez 



Proof. The claims (i) and (ii) follow directly from [FT2] with sign change 
in the coboundary operation de. So we prove only (iii). First, observe that 
if (ct, s) G Aut(M)m, then 9s°(y. acts on the center C trivially, i.e., it acts as 
the identity since the actions mod(a;) and 9s cancel each other on C. Hence 
there exists u e such that 9s°(y.{'4}) — uil^u* . Thus we get 

9s°a{u^{sT)) = 9s°a | A"'''^X(A"+i,A"](V') 

VneZ 

nez 

= J]A-''^«X(a»+i,a»](wV'w*) 

Hence 9s°a{u-^{sT)) G {u^{st) : st e M/TZ}" = M^. This completes 
the proof. 

The generalized trace ip gives rise to the semi-direct product decomposi- 
tion: 

Cntr(M) = Int(M) x^* (R/TZ) . (4.4) 

We are going to use the notation Us, s G R/TZ, for the element of Cntr(M) 
corresponding to an element s = st = s + TZ e R/TZ. 

Lemma 4.3. i) It is possible to choose a cross-section u: m & Cntr(M) i— > 
u{m) e Uo{M) C Md such that u{m) e U(M) ifme Int(M) and 

u{asm) = u^{s)u{m), s e R/TZ, m e Cntr(M). (4.5) 

ii) There exists a cross-section g e Out(M) i— > cc^ G Aut(M) such that 

a) Each ag,g & Out(M), transforms to a scalar multiple of '4>, i.e., 
Oig{i(}) and '4> are proportional. Consequently a g and a'^ commute; 

b) 

= s e R/TZ. (4.6) 
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c) The associated IntCM) -valued cocyde ?7in has the property: 

Viniasg, (Tih) = rjinig, h), g,he Out(M), s, i e R/TZ, (4.7) 

so that it is the pullback 7v*{r]Q) of an lnt{'M) -valued two cochain 
r/Q eC^(OuW,e(M),Int(M)). 

Proof, i) First choose a Borel cross-section u: m E Int(M) ^^ u{m) G 'U(M) 
of the adjoint map Ad: v G U{M) ^ Ad{v) G Int(M). Then extend the 
cross-section by setting: 

u{aam) = u^{s)u{m), s G R/TZ,m G Int(M). 

This gives a cross-section with the desired property. 

ii) For any a G Aut(M), a{'ip) is another generahzed trace on M. Hence 
there exists a scalar A G M and a unitary v G 'U(M) such that Ad{v)°a{^|J) — 
Xi/j. In fact, A is can be chosen to be e^™°^(")^^T' . Hence it is possible 
to a representative ag of g E Out(M). With this in mind, we select first 
a cross-section p G Outr^eCM) i-^ G Aut(M) of the quotient map n: 
Aut(M) ^ Outr,e(M) = Aut(M)/Cntr(M) such that 

a) The weights ap{ip) and ip are proportional, i.e., ap('0) = 6''^^°'^'^^^^^'^; 

b) The quotient map ttq: Aut(M) i— Aut(M)/Int(M) maps ap exactly 
into the cross-section image s{p) G Out(M) of p which has been fixed 
already. 

The cross-section a generates a Cntr(M)-valued two cocycle: 

Va{p, q) = (^p°(^q°(^pi e Cntr(M), p, Q G Out^,e(3Vt). (4.8) 

Then we have 

T^o{Va{p,q)) = 7ro(ap)7r(ag)7ro(apg ) = s{p)5{q)s{pq)~'^ 
= Us {p, q), p,qe Outr,e (M) . 

Therefore, the semi-direct product decomposition: Cntr(M) = Int(M) Xo-v- 
R/TZ gives a decomposition of r]a'- 

Va{p, q) = ns(p, q)Vin{p, q), P,q^ Outr,d{M), 
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where ng{p,q) G and r7in(p, g) G Int(M) commutes with {af; s e R}. 
Now decomposing each g e Out(M) in the form: 

5' = mHi(^)s(7r(^)), 
and writing s{g) e M/TZ for TnHi(5') G H^, we set 

CK^ = a-]^(g)°Q!^(g) e Aut^(M) = {q; e Aut(M) : a°af = af°a,s e M}. 

Observing for each pair g,h & Out(M) that 

gh = mni{g)s{n{g))m^i{h)${7T{h)) 

— (fi')^Hi (^)5(7r(5'))5(7r(/i)), as Hg C Center of Out(M), 
= iTiHi (£')mHi (/i)ns(7r((/), 7r(/i))s(7r(i//i)) 

we compute: 

Therefore, the map a: g E Out(M) i— > G Aut^(M) is indeed an outer ac- 
tion of Out(M). Furthermore, rjiniTrig), T^ih)) befongs to the group Int(M) fl 
Aut^(M) which is given by the normahzer iV(M^) of the centrahzer of 
ip. From its construction, r]in satisfies the requirement of the lemma. This 
completes the proof. 

Before going into the last step, we need the following: 
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Lemma 4.4. i) If a E Aut^(M), then a leaves relatively invariant, so 
that we have k e Hom(Aut!j^(M), M) such that 



(4.9) 



and a and ^-k(a) agree on , in particular on u^{s),s e R/TZ; 
ii) // {a,s) e Aut^(M)ni, then 



(^{ao9s){u^{i))u^{iyyx) = /i, 



s — k{a) 



(4.10) 



in particular the left hand side is constant m a; e M, i.e., the unitary u^{i), 
t G M/TZ, is an eigen operator of a°9s. 

Proof. If a is in Aut(^(M), then its extension to M, still denoted by a, leaves 
A'^ globally invariant and 



{af){x) = f{x-k{a)), feA^,xeR, 



as seen below: 



{ailj){x) 



=k(a) 



iIj{x) 



=k(a)„-a; 



-{x-kia}) 



il'{x — k{a)). 



The center 6 of M is generated by ip^"^ so that it is identified with the 
subalgebra of periodic functions with period T', i.e., C = (A'^y^' . By Lemma 
4.2, the periodic one parameter unitary group: 

{u^{st) : ST e R/TZ} = {b^{$^{sT)) : St G R/TZ} 

is represented in A"^ by the following functions: 

u^{st; x) = exp (vT's ^ ) , a^, s e R, 

which together with M generates the discrete core M^- Since a e Aut^(M) 
and 6'_k(a) both scales the generator ip of A'^ in the same way, they agree 
on A'^ . Hence we get 



{a{u^{s))){x) = u^{s; x - k{a)) 



exp (iT'{s}r 



x — k{a) 



s e R/TZ. 
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If {a, s) e Aut^(M)m, then 

{aoes){u^{i)){x) =u^{i;x + s- k{a)) 



= exp [iT'{i} 



X 



Ha 



and 



{ao9s){u-^{t))u^(t)* (x) = u^{t;x + s - k(a))u^(t; x) 



exp 



exp 



(}T'{th 
(iT'{t} 



'X + s — k{a) " 




' X ' 


[ T' \ 




IT'I 



s — k{a] 
T jy 



. s — k{a) 



where the last pairing makes a sense because s — k{a) e T'Z for (a, s) e 
Aut(^(M)m- This completes the proof. 

Now the next lemma completes the proof of Theorem 4.1. 

Lemma 4.5. If a cross-section u: m & Cntr(M) i— > u{m) e 'Uo(M) is the 
one given by Lemma 4.3, then the natural choices ofu{g, h), g, h e Out(M)m; 
andu{p,q),p= {p,s),q= {q,t) G Outr,e{M)m, by 

u{g, h) = u{r]in{g, h)) e 1I(M) and u{p, q) = u{r]aip, q)) G lIo(M) 

give the following: 
i) 

agoah = Ad(u(g, h))oagh; 
ap°aq = Ad{u{p, q))°apq. 

ii) The associated cocycles e Z^(Out(M),T) given by: 

c^{g, h, k) = ag{u{h, k))u{g, hk){u{g, h)u(gh, k)}*, g,h,k e Out(M), 

gives the cohom,ology class [c^] G H^(Out(M),T) which is the intrin- 
sic obstruction Ob(3YC). 
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iii) The cocycle cj^ associated with the choice of u: 

cm(p, q, r) = ap(u(q, r))u{p, qr){u{p, q)u(pq, f)}*, p,q,re Out^,0(M)ni 

is a standard coycle relative to the distinguished central element zq = 
(1,T') e OutT-^e(^)m O'TT'd the d-part is given by. 

d{q,r) = ex.p{iT'{ns{q,r)}j„), q,r e OuW,e(M), 

so that 

CMiPzJ^^qzo.rzQ) = (ns(5,r),m>CM(p,9,r), 

for each m,n, £ E Z and p,q,rE OutT-,6i(M)m- 

iv) The pair {cm, id) belongs to Z^(Outr,e(M)m, T)*5Homout(M) (Hg, H^) 
and its cohomology class [cm, id] in H°^(Out(M), Hg, T) is in fact the 
intrinsic modular obstruction Obm(M). 

Proof. We see immediately for each pair g,h E Out(M) 

ag°ah = OLg°OLh = Vinig, h)°agh = Ad{u{r]in{g, h)))°agh 
= Ad{u{g,h))oagh, 

and for each pair p = ip,s),q = {q, t) e OutT-,6»(M)m 

ap°aq = 9s°apo0t°aq = 9s+t°ap°aq = 9s+t°r]aip, q)°OLpq 
= Ad{u{r]c,ip, q)))°oipq = Ad('u(]3, q))°apq. 

Consequently, and cm are both three cocycles and the former gives the 
intrinsic obstruction Ob(M) in the cohomology group H3(0ut(M),T). To 
see the standardness of cm, we just examine: 

CMipz^,qZo,fz^o) = apoemT'iu{qz^,fz^o))u{pz^,fz^+^) 

X {u{pz^,qz^)u{pqz^+-,rz(,)r 
= apoOmT' {u{q, r))u{p, qr){u{p, q)u{pq, r)}* 

= oip°OmT' [u^{ns{q, r))u{r]in{q, r)))u{p, qr){u{p, q)u{pq, r)}* 
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= (ns(g, r), m)ap [u^in^^q, r))u{r]iniq, r))j 

X u{p, qr){u{p, q)u{pq, r)}* 
= Mq, r), m)ap (u{q, rj^u{p, qr){u{p, q)u{pq, r)}* 
= M(l,r),m)cM{p,q,r). 

Since the (i-part is given by the two cocycle rig itself, the pair (c]vi;,id) 
belongs to the fiber product Z'^(0utT-,6>(M)m, T) *s Homout(M)(H^, H^). 

Theorem 4.6. i) If G is a discrete group and a is an outer action of G on 
a factor M of type M\, < A < 1, then the modulus m = niQ, : g E G 
mod(gf) G M/TZ' of a, the normal subgroup N — N{a) — Q:~^(Cntr(M)), 
a homomorphism Ua'- m E N t-^ dm £ = R/TZ and the "pullback" 
[cq] = Q!*([cjvt]) e A?", T) of the intrinsic modular obstruction, to be 

termed the modular obstruction of a, are outer conjugacy invariants of a. 

ii) If G is a countable discrete amenable group and the factor M of type M\ 
is approximately finite dimensional, then the invariants {niQ,, A^(a), [cq,],z/q,} 
determines the outer conjugacy class of a. The group H^*(G, A'', T) is a 
separable compact abelian group. 

Remark 4.7. The pullback in the theorem needs a qualification. As the 
cross-section s : OvLtr^eCM) i— > Out(M) is only guaranteed by the axiom of 
choice, we have no idea if it consistent with the map d : G ^-^ Out(M), 
for example it can happen that 5(OutT-,0(M)) fl d{G) = {id}. Namely, we 

cannot pull back the cross-section s of OutT-^6)(M). So we have to work with 
a cross-section s : Q = G/N G directly. But this does not change the 
picture concerning the modular obstruction Obm(a)- If we consider all cross- 
sections of Out^,0(M) and form the group H°"*(Out(M), Hg, T) as in [KtT2: 
Page 218], in which we locate the intrinsic modular obstruction, then one can 
pull back Obm(M) to form the modular obstruction Oh^{a) G H°^^(G', TV, T) 
since cross-section oi Q ^ G can be carried to OutT-^6i(M) as a part of a 
cross-section of Outr,e(M), i.e., we can have a cross-section s of Outr,6/(M) 
so that Q;~^(s(0utr,6i(M))A^ = G, which enables us to pull back the structure 
concerning Aut(M), Out(M) and Out^,e(M). 

Theorem 4.8. Suppose that y/[ is a factor of type Ha, < A < 1, and that 
i/j is a periodic faithful semi-finite normal weight with period T — — 27r/logA. 



56 



OUTER CONJUGACY I 



Let m: a e Aut(M) i-^ mod(Q!) e R/T'Z = Aute(e) be the modulus ho- 
momorphism o/ Aut(M) to the automorphism group Aut0(C) of the flow of 

weights {C,R, 6*} = {L°°(M/T'Z), Translation} which is identified with the 
quotient group M/T'Z, then the discrete core gives rise to an Aut(M)ni- 
equivariant commutative square of exact sequences: 



1 1 1 

1 > T > T > 1 > 1 

1 > U(M) > Uo(M) — ^ R/TZ > 

1 > Int(M) > Cntr(M) R/TZ > 



1 1 

where 'Uo(M) is the unitary normalizer ofM in the discrete core M^, i.e., 

Uo(M) = U(M) nMd = {ue U{Md) : uMu* = M}. 



This is an easy consequence of the previous discussion, in particular 
Lemma 4.2.iii and so we leave the proof to the reader. 

Definition 4.9. The above exact square is called the reduced character- 
istic square of M. 

§5. Outer actions of a Countable Discrete 
Amenable Group on an AFD Factor of Type IHi 

The triviality of the flow of weights on a factor of type lUi makes the 
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characteristic square very simple: 

1 



T 



U(M) 

Ad 

Int(M) 



1 



T 



U(M) 



Ad 



Cntr(M) 



1 



1 



1 







de 











Furthermore, the horizontal exact sequences split nicely. When we view R 
as a central subgroup of Out(M), we denote it by H^. We will identify 
and IR frequently to avoid heavy notations in the case of type Hi . 

Theorem 5.1. Let M he a factor of type DIi. Fix a cross-section 

s^:pe 0\itr,e{'M) ^ 5^{p) e Out(M) 

of the quotient map tt : Out(M) ^ Outr,9{M) = Out(M)/Hj and the associ- 
ated M.-valued cocycle: 

Mp, q) = s{pHQ>iPQ)~^ e R ^ H^, p,qe Out,,e(M). 

It is possible to select cross-sections a: g & Out(M) >—>■ ag & Aut(JVt) and 
u:me Cnti.(M) ^ u{m) E U{M) so that 

i) m = Ad(u(m)), m G Cntr(M); 

ii) the associated intrinsic modular obstruction cocycle cm takes the 
form: 

cm{p, q, r) = exp(-isnR(9, r))cout,,e(3vc)(p, r), 
for each p = (p, s),q,r E OutT-^gi (M) x R. 
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Let a be an outer action of a countable discrete group G on M, with N = 
Q:~''^(Cntr(M)) and ^'^(m) = dm £ M — Hj,m e N. Fix a cross-section s: 
Q = G/N G of the quotient map tt : G i— > Q along with the associated 
N -valued cocycle: 

niv(p, q) = s{p)s{q)s{pq)-^ e N, p,qeQ. 

Then the pullback cocycle Cq, of cm by a* takes the form: 

CaiP, q, r) = exp(-isi/Q(niv(9, r)))cQ{p, q, r), 

for each p = {p, s),q,r E Q = Q x M.. Its cohomology class ([cQ;],i'a) £ 
H°"*(G, iV, T) is the modular obstruction Obin(Q;) of a. 

Proof. Fix a dominant weight <^ on M and observe that 

Aut(M) = Int(M)Aut^(M), Aut^(M) = {a e Aut(M) : v^oa = y?} . 
Then we have 

Out(M) = Aut(M)/Int(M) = Aut,^(M)/(Aut^(M) nlnt(M)), 
Out^,0(M) = Aut(M)/Cntr(M) = Aut^(M)/(Aut^(M) n Cntr(M)), 

U(M) = 1i(M) x^^ R. 

The invariance (/? = (/7oAd(?i), w G 'U(M), of (p gives the decomposition u = 
v(p^^ for some v e U{Mip) and s e M. Hence we get the decomposition: 

Ad-^(Cntr(M) n Aut^(M)) = U(M^) x M. 

Therefore, we can choose a cross-section p e Outr,e{'M) i— > ctp e Aut^(M) 
such that 

apoaq = Ad{v{p,q))oa':^^^^^^yapq, v{p,q) E U{M^), p.qE Out^,0(M). 
We then set 

^9 = f^s(5)°«7r(g), 9 ^ Out(M), 

where 

9 = '^sigfA^ia))- 
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Setting 

u{p, q) = v{p, p = {p, s), q = (g, t) G Out^,0(M) x R, 

we compute the intrinsic modular obstruction cocycle: 

CM{P,q,f) = ap{u{q,f))u{pq,f){u{p,q)u{pq,f)}* 
= ap°0siu{q, r))u{pq, r){u{p, q)u{pq, r)}* 
= ex.p{—isn-R{q, r))ap{u{q, r))u{p, qr){u{p, q)u{pq, r)}* 
= exp(-isnR(g, r))ap{v{q, r))v{p, qr){v{p, q)v{pq, r)}*, 

where the last step follows from the fact that xir is an IR-valued two cocycle 
over OutT-,6i(M). Therefore, we conclude that 

CM{P,q,f) = exp(-isnR(Q,r))couw,(,(M)(p,?,^)- 
Now we look at ag°ah,g,h e Out(M): 

= <(5)s(ft)°Ad(w(7r(^), 7r(/t)))oQ!3^(^(3;,)) 

= <(g)s(/.)°<B(7r(3),7r(h))°Ad(^;(7r(5r), 7r(/i))oa3^(,(^;,)). 

Also we observe: 

gh = s{g)5^{7r{g))s{h)s^{7r{h)) = s{g)s{h)s^{7T{g))s^{7T{h)) 
= s(£/)s(/?>Hi {7T{g),7r{h))s^{7r{gh)) 
= s{gh)s^{7r{gh)), g,h eOut{M); 
s{g) + s{h) =s(c//i) -nK(7r(c/),7r(/i)). 

Plugging this into the previous computation, we get 

ag°ah = Ad{v{'K{g),'K{h))°agh, g,he Out(M). 

Therefore, the intrinsic obstruction cocycle c is given by the puUback: 

c{g,h,k) = cout.,a(M)(7r(t/),7r(/i),7r(A;)), g,h,ke Out(M), 
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of the restriction of the intrinsic modular obstruction cocycle c^^ to the 
subgroup OutT-,e(M). This completes the proof. 
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